Active Vibration Control Using Optimized Piezoelectric Topologies by Parsons, Matthew James
University of Tennessee, Knoxville 
TRACE: Tennessee Research and Creative 
Exchange 
Masters Theses Graduate School 
8-2007 
Active Vibration Control Using Optimized Piezoelectric Topologies 
Matthew James Parsons 
University of Tennessee - Knoxville 
Follow this and additional works at: https://trace.tennessee.edu/utk_gradthes 
 Part of the Aerospace Engineering Commons 
Recommended Citation 
Parsons, Matthew James, "Active Vibration Control Using Optimized Piezoelectric Topologies. " Master's 
Thesis, University of Tennessee, 2007. 
https://trace.tennessee.edu/utk_gradthes/188 
This Thesis is brought to you for free and open access by the Graduate School at TRACE: Tennessee Research and 
Creative Exchange. It has been accepted for inclusion in Masters Theses by an authorized administrator of TRACE: 
Tennessee Research and Creative Exchange. For more information, please contact trace@utk.edu. 
To the Graduate Council: 
I am submitting herewith a thesis written by Matthew James Parsons entitled "Active Vibration 
Control Using Optimized Piezoelectric Topologies." I have examined the final electronic copy of 
this thesis for form and content and recommend that it be accepted in partial fulfillment of the 
requirements for the degree of Master of Science, with a major in Aerospace Engineering. 
Arnold Lumsdaine, Major Professor 
We have read this thesis and recommend its acceptance: 
J. A. M. Boulet, John D. Landes 
Accepted for the Council: 
Carolyn R. Hodges 
Vice Provost and Dean of the Graduate School 
(Original signatures are on file with official student records.) 
To the Graduate Council:
I am submitting herewith a thesis written by Matthew James Parsons entitled “Active
vibration control using optimized piezoelectric topologies”. I have examined the final paper
copy of this dissertation for form and content and recommend that it be accepted in partial
fulfillment of the requirements for the degree of Master of Science, with a major in Aerospace
Engineering.
Arnold Lumsdaine, Major Professor
We have read this thesis
and recommend its acceptance:
J.A.M. Boulet
John D. Landes
Accepted for the Council:
Carolyn R. Hodges
Vice Provost and Dean of
Graduate School
(Original signitures are on file with official student records.)






The University of Tennessee, Knoxville
Matthew James Parsons
August 2007




I want to thank everyone who helped me earn a Master of Science. First, I wish to thank
Dr. Lumsdaine for all of his time and expertise. None of this work would have been possible
without him. He has been the “optimal” advisor and mentor. I wish to thank my committee
members Dr. Boulet and Dr. Landes for taking the time and effort in looking over this
work. Finally, I want to thank my girlfriend Erika for helping me with some many aspects.
iii
Abstract
This work investigates the optimal topology of an actively controlled piezoelectric actuator
bonded to an elastic cantilever beam under steady-state harmonic loading near the first
natural frequency of the beam. The actuator is discretized using finite elements, and control
is applied to the actuator based on the sensor’s degrees of freedom using proportional
control. This study investigates the optimal distribution of actuator material for one and five
layers of finite elements. The optimized actuator topology shows substantial improvement
over initial piezoelectric topologies and over traditional actuator placement.
This study has two main topics, material homogenization and topology optimization.
The piezoelectric actuator is homogenized to determines it’s relation to volume fraction
of material. This continuous relationship to volume fraction is a more “realistic” material
variation compared with the typical artificial material model used in topology optimization.
The actuator topology of the actuator is optimized to minimize the vibration amplitude. To
the author’s knowledge, little work has focused on the optimal topologies of a piezoelectric
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From aircraft wings to computer hard drives, minimizing vibrations is a pivotal engineering
problem. Not surprisingly, it has been the focus of many research endeavors and the main
focus of this work. One technique for controlling vibrations is to use an active control system.
This system “senses” the vibration and applies a load, called an actuation, to counteract
the vibration. Several active control systems are available using various actuators, sensors,
and control algorithms. A particularly well suited material is piezoelectric material.
1.2 Liturature Survey
Brothers Pierre and Jacques Curie discovered the piezoelectric effect in 1880. They noted
when certain crystals were compressed an electric current was produced and conversely,
an electric field produced a strain. They named it piezoelectricity from the Greek word
piezein, which means “to press tight or squeeze” [ahd, 2000]. Today piezoelectrics are
in a large array of devices from microphones and amplifiers to watches. For mechanical
vibrations, this unique property of converting electrical energy into mechanical or vice
versa is advantageous because the piezoelectric material can be used for both the sensor
and the actuator. Piezoelectrics can produce large actuation forces. However, they have
small strain output. For piezoelectric actuation, much research has been done to increase
the amount of strain produced, [Mitrovic et al., 2001] and [Ervin and Brei, 1998]. This
work focuses on a piezoelectric actuator’s topology to minimize the vibration amplitude.
In the field of modeling and analysis for the piezoelectric materials, a good overview
has be done by [Naillon et al., 1983]. They describe a method to analyze piezoelectric
structure by finite element method. [Lerch, 1990] expanded the finite element theory for
piezoelectric materials to be used in two or three dimensions.
Much work has been done on implementing the control law between piezoelectric sen-
sors and actuators in smart structures. [Tzou and Tseng, 1991] described a distributed
piezoelectric sensor/actuator design by a finite element approach. [Tzou, 1993] also more
thoroughly developed the theory of piezoelectric sensing and control. [Ha et al., 1992] per-
formed analysis of structures with piezoelectric sensors and actuators, and experimentally
validated the work. Similar work has been done by [Baz and Ro, 1995]; they analyzed the
performance of active constrained layer damping (ACLD), where PZT and viscoelastic ma-
terials (VEM) are used. [Veley and Rao, 1996] built on these results to make a comparison
1
of active, passive and hybrid damping. [Varadan et al., 1996] described the closed loop
finite element modeling of active damping in vibration control. The vibration and actua-
tion characteristics of structures with piezo-ceramic actuator have been examined by [Han
et al., 1999], and compared with experimental results. Recent work in this field includes
[Khulief, 2001], who modeled the active control of vibrations of structures with material
damping. [Peng et al., 1998] developed a finite element model based on the third order
laminated theory for active control of piezoelectric structures. [Benjeddou and Deü, 2002]
presented a 2D closed form solution for the free vibration analysis of PZT sandwich plates.
[Drenckhan and Lumsdaine, 2003] developed a method of modeling the active control law
and used it for the optimization of piezoelectric sandwich beams. Another approach is to
condense the stiffness matrices of the sensor and actuator to uncouple the electrical and me-
chanical domains; this uncoupled system also reduces the degrees of freedom of the system
[Guyan, 1965] first introduced this reduction technique and most are essentially modified
versions of this technique. [Rao, 2002] introduced an iterative condensation technique for
unsymmetric matrices.
Interest in topology optimization has grown considerably with the advent of computing
power. Commonly, optimization research has focused on the location and/or the number
of actuators; in general, this involves expense global optimization routines. Typically, the
material properties are homogenized to maintain a continuous design space and also prevent
using global routines. [Bendsoe and Kikuchi, 1988] first introduced the homogenization
method for determining the optimal topology for a structural problem. [Telega, 1992] first
used homogenization on piezoelectric material. Using these homogenization results, [E. C.
Nelli Silva, 1997] analyzed a piezoelectric microstructure to determine optimal microstruc-
tures. Similarly, [Buehler et al., 2003] developed a homogenized model for piezoelectric
material; this work included thermal effects and other materials in the microstructure.
Work was done by [Silva and Kikuchi, 1999] which demonstrated topology optimization of
piezoelectric materials. [Drenckhan and Lumsdaine, 2003] investigated optimal topologies
of a piezoelectric actuator mounted on a cantilever beam under a concentrated static load
at the free end.
1.3 Problem Statement
Studies on piezoelectric topology optimization using homogenization models have been used
to determine optimal microstructure, optimal topology of a piezoelectric sensor, and op-
timal topology of a piezoelectric actuator on a static beam. Little work has been done
to determine the optimal topology of a piezoelectric actuator under harmonic loading to
minimize the vibration amplitude. This is work will investigate optimizating piezoelectric
actuator topologies to control the amplitude at the first natural frequency.
In Chapter 2, the modeling is developed for the cantilever beam. This includes a brief
development of the finite element model which is used to discretized the sandwiched beam
and to solve the homogenization equations. Additionally, the control method and imple-
mentation is discussed. Finally, the optimization is problem is described.
Chapter 3 contains the results of the parameter study conducted on the gain and control
setup. The homogenized material properties are presented along with a polynomial curve fit
of the properties. Finally, the chapter is concluded with the results from the optimization
routine.




This work studies a vibrating cantilever with an elastic base beam sandwitched between
piezoelectric layers—a sensor and an actuator. The piezoelectric materials provide the active
controls. Topology optimization is used to determine the optimal shape of the piezoelectric
actuator.
In this chapter, the problem setup is discussed. First, the general dynamic cantilever
beam is described. Then, the finite element discritization using two-dimensional quadrilat-
eral continumm elements is formulated. The finite elements are used in both the homoge-
nization of the material properties and the sandwiched cantilever beam. A brief discription
and overview of the derivation of the homogenizied material properties is given. The control
algorithm is discussed, and finally the chapter is ended with the optimization setup.
The setup is a base beam sandwiched between piezoelectric layers. The piezoelectric ma-
terial applied to the bottom of the elastic base beam acts as the sensor, and the piezoelectric
on the top is the actuator, see Figure 2.1.
The constitutive equations for piezoelectric materials are written as:
σij = cijkl · εkl − ekij · Ek (2.1)
qi = eikl · εkl + pik · Ek (2.2)
where σij is the stress tensor, εkl is the strain tensor, Em is the electric field vector, qi is
the electric displacement vector, cijkl is the fixed state elastic tensor, emjk is the piezoelectric
stress tensor, and pij is the free state dielectric tensor. The material properties are taken
from [Tzou, 1993] and shown in Table 2.1.
The material model is assumed to be isotropic. The elasticity matrix is defined as:
Figure 2.1: The cantilever beam configuration
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Table 2.1: The material properties of the piezoelectric and elastic layers.
Material Property Plexiglass Piezoelectric
Modulus - C (GPa) 3.1028 2.0
Density - ρ (kg/m3) 1190 1800
Poisson’s Ratio 0.3 0.3
Permittivity p (F/m) 1.06481 · 10−10
Piezoelectric Coupling e122 (C/m2) −0.046






1 ν 0ν 1 0
0 0 1−ν2
 (2.3)















where p11 = p22 for isotropic piezoelectric materials.
2.1 Finite Element Model
The beam and piezoelectric layers are disretized using 8-node two-dimensional isoparametric
continuum quadrilateral elements. The general form for each element is defined using:
Mi Ẍi + Ki Xi = Fi (2.6)
where Xi is the planar nodal degrees of freedom, Fi is the force matrix, and i denotes





where u and φ denote the mechanical displacement and the electrical potiential, respec-






where fx is the mechanical force in the x direction, fy is the mechanical force in the y

































BTφ Gφφ BφdV (2.14)
Equations (2.12)–(2.14) are mapped from x and y planar coordinates into ξ and η unit
coordinates and gauss quadriture integration is used to evaluate them. The derivative
operator matrix for the mechanical relations is:
Bu =





 [N1 0 N2 0 . . . N8 00 N1 0 N2 . . . 0 N8
]
(2.15)






N1 0 N2 0 . . . N8 0
0 N1 0 N2 . . . 0 N8
]
(2.16)








Ni (ξ, η) yi (2.18)
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The shape functions for this transformation are:
N1 (ξ, η) = 14(1− ξ)(1− η)(−ξ − η − 1) N5 (ξ, η) =
1
4(1 + ξ)(1 + η)(ξ + η − 1)
N2 (ξ, η) = 12(1− ξ
2)(1− η) N6 (ξ, η) = 12(1− ξ
2)(1 + η)
N3 (ξ, η) = 14(1 + ξ)(1− η)(ξ − η − 1) N7 (ξ, η) =
1
4(1− ξ)(1 + η)(−ξ + η − 1)
N4 (ξ, η) = 12(1− η
2)(1 + ξ) N8 (ξ, η) = 12(1− η
2)(1− ξ)
(2.19)
For the elastic beam, Equation (2.6) is derived similiarly to the piezoelectric layers














The integrals in (2.12)–(2.14) are evaluated using a three point Gauss Quadrature inte-










The points and weights are given in Table 2.2.
Table 2.2: Weights and points for the Gauss integration.













The elemental matrices from Equation 2.6 are used to form the global mass, stiffness,
force matrices:

M s 0 0 0 0
0 0 0 0 0
0 0 M b 0 0
0 0 0 Ma 0












uφ 0 0 0
Ksφu K
s
φφ 0 0 0
0 0 Kbuu 0 0
0 0 0 Kauu K
a
uφ


















where a, s, and b denote the actuator, sensor, and beam, respectively. The finite elements
are built and evaluated using Matlab. The global matrix is solved using a direct method.
2.2 Homogenization
The homogenized material introduces a material density dependancy. This density depen-
dancy is composed of an infinite number of small holes which are periodically distributed
6
Figure 2.2: The homogenized material model
in the material structure, see Figure 2.2. This can be thought of as regularly distributed
porus material.
The unit cell, defined as a single cell with a void, is scaled by ε. So as ε → 0, the
material properties become functions of the density. Thus, the discrete material properties
become relaxed and are replaced by the continous material properties as functions of density.
These continous properties are derived from homogenization theory using the asymptotic
approach, for a more detailed descussion refer to work from [E. C. Nelli Silva, 1997],
[Hassani and Hinton, 1998b], [Hassani and Hinton, 1998a], [Hassani and Hinton, 1998c],
and [Buehler et al., 2003]. Suppose that any point x in a neighborhood is a periodic
microstructure. Then the material properties can be determined as a function of x, see
Equation (2.24).




where x and y represent the macroscopic and microscopic variation of the material
parameters, respectively. The first step in the homogenization theory is to assume that the
solution of the constinutive relations, see Equations (2.1) and (2.2), have a total deformation
defined by:
u (x) = u0 (x) + εu1 (x, y) + ε2u1 (x, y)
2 + . . . (2.25)


























































where the deformations χpqk and Γ











































and deformations zpk and Z










































Equations (2.30)–(2.33) are easily discretized using finite elements. The deformations
χpqk and Γ





























Using symmetry, only a quarter of the unit cell is modelled. Quadrant II shown in
Figure 2.3 is modelled.














. The strains and electric fields are put in Equations (2.26)–(2.29) to find the
homogenized coefficients.
To summerize the method:
Figure 2.3: The unit cell model showing the symmetric quadrants.
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(a) p, q = 1 (b) p = 1, q = 2
Figure 2.4: The characteristic deformations for for a quadrant of the unit cell.











nite element method. These deformations, Equations (2.30)–(2.33), are the microscale
deformations.
• Use the characteristic deformation sets to calculate the homogenization properties
using Equations (2.26)–(2.29).
Examples of the unit cell deformations are shown in Figures 2.4(a) and 2.4(b). The
homogenized material properties given in Table 2.1 are determined as a function of volume
fraction.
The modulus c1111 with a fifth order polynomial curve fit is shown in Figure 2.5(a). Since
the material is assumed to be isotropic and the void is square, c1111 = c2222. The modulus
c1122 with a fifth order polynomial curve fit is shown in Figure 2.5(b). The modulus c1212
with a fifth order polynomial curve fit is shown in Figure 2.5(c).
The piezoelectric stress constant e122 with a fifth order polynomial curve fit is shown in
Figure 2.6(a). Finally, the homogenized permittivity p11 is shown in Figure 2.6(b).
The fifth order polynomial fits are shown in Table 2.3 for Equation 2.36. Note that the
fit for c1212 is only valid for 0.3 < x < 1.0. Also, all the other curve fits are for the range
0.001 < x < 1.0. The lower bound on x is explained in the homogenization section.
pi = p1 · x5 + p2 · x4 + p3 · x3 + p4 · x2 + p5 · x + p6 (2.36)
Table 2.3: The material properties of the piezoelectric and elastic layers.
Material Property (pi) p1 p2 p3 p4 p5 p6
c1111(x) 2.292 -4.07 2.899 -0.6505 0.5303 -4.002·10−5
c1122(x) 0.988 -0.2676 -0.2416 0.5618 -0.0335 7.956·10−5
c1212(x) -7.956 24.87 -26.15 12.91 -2.909 0.2371
e122(x) -2.002 5.089 -3.687 1.367 0.2532 0.0002073
p11(x) -0.1507 -0.1135 -0.0006284 - 0.2367 1.509 - 4.743·10−6
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(a) c1111 (b) c1122
(c) c1212
Figure 2.5: The homogenized mechanical properties with a polynomial fit.
(a) e122 (b) p11




The control is applied to the system using by applying the average electric potential of the
sensor to the actuator. The strained sensor produces a nonuniform electric potential across
the surface of the beam. The control derivation begins by equating Equation 2.2 to zero for
the sensor layer, denoted by s.
qs = esεs + psEs = 0 (2.37)































After carring out the integration and rearranging Equation 2.40, the average potential









where hs is the height of sensor, l is the length of the beam, es is the piezoelectric stress
constant, ps is the piezoelectric permittivity, and φavg is the average electric potiential of
the sensor. The average of the electric potentials from the sensor are, then, multiplied by a
gain and applied uniformly across the top of the actuator, see Figure 2.7.
The control is implemented in Matlab. First, ABAQUS is used to construct the stiffness
and mass matrices for the non-active control model (ABAQUS was used in the initial design
but has been replaced by the finite element code written in Matlab). In Matlab, the stiffness
and mass matrices are used to construct the global mass and stiffness matrix (which includes
the beam, actuator, and sensor). Again Matlab is used to apply control to the actuator
relative to the sensors degrees-of-freedom and, finally, calculate displacement of the free end
Figure 2.7: The distributed control law applied for the piezoelectric material.
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Figure 2.8: The elastic beam is removed to uncouple the sensor and actuator.
from the system of equations constructed from the global mass and stiffness matrices with
applied boundary conditions. The proportional control is applied to the system by:
φa = −Gp · φsavg (2.42)
The control is applied to the global stiffness matrix, Equation (2.23). The resulting
governing equation becomes:

M s 0 0 0
0 0 0 0
0 0 M b 0


































where 1ns is the average number of sensor elements.
To verifiy the control theory, the elastic beam was removed from the model uncoupling
the sensor and actuator, see Figure 2.8.
For the uncoupled sensor and actuator, an analytic solution was formulated using the
constitutive laws, Equations (2.1) and (2.2). The response of the sensor with a dynamic



















The response of the actuator is determined as:















The actuator design is determined using topology optimization. Several techniques are
available for manipulating the topology. One possibility is that the elements could be
modeled using a binary discrete variable optimization where each element would be either
void or contain 100% piezoelectric material. Since this technique would require a global
optimization algorithm, this routine would have an exorbitant computational cost. The
alternative approach, and the method selected for this work, is to use a local optimization
algorithm that allows the material properties to vary for each element. Each element can
have between 0 to 100% material; thus, the design variables are continuous. This also allows
partial densities for the elements, which opens a wider range of possible designs (such as a
tapered structure).
A sequential linear programming (SLP) algorithm is used to solve the optimization
problem. SLP linearizes around the current design point in each iteration, and the next
point is computed using linear programming until the convergence criterion is met. SLP is a
robust code that is capable of handling large numbers of local minima. The commercial code
VisualDOC is used to implement the SLP algorithm. As with all local optimization routines,
the result may be a local minimum and not the global minimum. To help ensure the result,
a sequential quadratic programming (SQP) algorithm is used to verify the convergence.
However, SQP is still a local optimization method. Even though both SQP and SLP may
still converge on a local minimum, the new topology out performs the initial configuration.
The optimization problem is formulated as:
Minimize: wtip
Subject to: 1.0e−4 ≤ xn ≤ 1.0
Vtotal ≤ Vo
where wtip is the steady-state vertical displacement at the tip due to the harmonic force
applied to the system near the first natural frequency (0.8 ·ωn), Vo is the maximum allowed






For the intial optimization runs, the properties vary linearly with density. The properties
in each element n are multiplied by the design variable xn times the original tensor—h
denotes the homogenized properties:
chijkl = xn · cijkl (2.49)
ehjkl = xn · ejkl (2.50)
phij = xn · pij (2.51)
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For xn = 0.001, the element is void—a 0 would cause create a singular matrices—and
for xn = 1, the material has 100% volume fraction.
The optimization is again performed using the homogenized material model. The
properties—pi—are determined using the polynomial fits found using Equation 2.36. In
this equation, the design variable xn is used in place of x. The properties given in Table
2.3 are used to calculate the pi values in Equations 2.52–2.54.
chijkl = pi · cijkl (2.52)
ehjkl = pi · ejkl (2.53)
phij = pi · pij (2.54)
The overall topology optimization scheme for the actuator and sensor occurs in two
main steps. First, ABAQUS is used to determine the mass and stiffness matrices for the
non-actively controlled dynamic model, and these mass and stiffness matrices are read into
the Matlab code. The stiffness and mass matrices are multiplied by the design variable.
Additionally, these matrices are manipulated in Matlab to include the active control of the
structure. Secondly, VisualDOC is used to determine the optimal topology of the actuator
elements given an initial configuration where all the material is distributed evenly along the
length of the beam. The objective function for VisualDOC is evaluated using Matlab, and
the gradient is calculated using finite differencing. Using the mass and stiffness matrices
in Matlab saves computational time since ABAQUS has to only run once. ABAQUS is
eventually replaced with the finite element code written in Matlab. However, the unfortu-
nate side effect of numerically evaluating the gradient is the resulting numerical inaccuracy





The finite element mesh is continuously refined to determine an appropriate mesh. The
model’s mesh density was examined—called h-convergence study. Also, different elements
types are examined for the first natural frequency of the finite element model to minimize
the discretization error. The study uses three types of isoparametric quadrilateral elements:
4-node, 8-node, and 8-node reduced integration. Figure 3.1 shows the first natural frequency
convergence results.
A large number of 4-noded elements were required for converge on the natural frequency
of the system; this is mostly due to the elements high aspect ratio at lower element numbers.
Since a large density of elements could make optimization runs computationally expensive,
8-noded elements were chosen. The 8-noded elements can withstand a larger aspect ratio
and required fewer elements along the length in both the single and five layer models.
The control scheme applied to the finite element model is verified by comparing the
uncoupled analytic solution to the uncoupled finite element solution for the displacement
Figure 3.1: Element convergence for the amplitude at the first natural frequency.
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Figure 3.2: The analytical and finite element solution for the amplitude at the first natural
frequency for the sensor.
at the first natural frequency—see Figure 2.8. The uncoupled analytic and finite results for
the sensor are compared in Figure 3.2.
Similar to the sensor, the actuator shows nearly identical solutions for the analytic
and finite element results. The uncoupled analytic and finite results for the actuator are
compared in Figure 3.3.
The amount of gain applied to the control algorithm was investigated. Figure 3.4 shows
the effects of increasing gain on cantilever tip displacement. When gain approximately
equals 1700, the beam is over-corrected; this causes deflection of the beam in the opposite
direction. As shown in Figure 3.4, as the gain increases beyond the over-correction point
the tip displacement will continuously increase in the opposite direction. Moreover, this
Figure 3.3: The analytical and finite element solution for the amplitude at the first natural
frequency for the actuator.
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Figure 3.4: Displacement as a function of gain for a sandwiched beam covering the entire
topology of the actuator space.
material has a small coupling coefficient in comparison to other piezoelectric materials,
thus requiring large gains.
The material percentage also affects the gains effectiveness on the tip displacement.
Figure 3.5 illustrates the increase in gain required to produce same amount of displacement
as 100% material. The percentage of material is uniform over the entire actuator topology.
As expected, decreasing the percentage of material in the actuator topology increases
the amount of gain required minimize tip displacement.
Figure 3.5: Displacement variation as a function of gain and percent material.
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The material was evenly distributed over the actuator topology for the initial configuration
of the optimization. Figure 3.6 shows an example of the 20% optimization run.
The topology optimization for the single-layer case using both SLP and SQP with a -100
gain yielded the following material distributions where the percentage indicates the upper
bound of percent material:
Figure 3.7 shows the optimization moves material toward the beams point of maximum
stress. The material is distributed from the root; this could represent a tapered shape
actuator. Also, the tip displacement no longer decreases after approximately 70 percent
material even when the upper bound is increased. That is, the maximum material constraint
is not active. Beyond this, the amount of weight added to the end of the beam by increasing
the material causes the displacement to increase. Thus, covering the entire actuator layer
with piezoelectric material does not provided the minimum amount of tip displacement.
For the topologies in Figure 3.7, the tip displacements are compared to initial tip dis-
placement and tip displacement resulting from material concentrated at the root of the
cantilever. Figure 3.8(a) shows the improvement of the tip displacements with optimal
shape over the original configuration of the actuator topology.
Increasing the percentage starting material decreases the amount of improvement in
minimizing tip displacement. Figure 3.8(b) shows the percent improvement over the initial
configuration of material.
Figure 3.7: Single layer actuator topology results.
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(a) Optimal and initial displacements (b) Percent improvement
Figure 3.8: Displacement for optimal result and initial configuration with initial gain of
−100.
The percent improvement peaks between 30 and 40% material; beyond the peak, any
material addition will have a diminishing return in minimizing displacement. Note that in
Figure 9 the percent material is the upper bound of the optimization runs; for 70% and
greater material, the actual percentage of topology covered with material is approximately
70%.
Figure 3.9 compares the optimal result with all material placed at the root. The material
is placed at the root which is the place of highest stress and easily manufacturable. Again at
70% material and greater, the optimal topology only contains 70% coverage of the actuator.
Thus, Figure 10 shows that any material added to the topology after 70% coverage of the
topology will increase the tip displacement, as the slight benefit of additional actuator
stiffness at the tip of the beam is outweighed by the cost of the additional mass. Although
the optimal tapered shape has a smaller displacement than placing material at the root,
the manufacturing costs may outweigh the advantage. However, the result does show that
partial coverage of the top of the beam is optimal.
Figure 3.9: Optimal one layer result compared to material placed at the root.
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Figure 3.10: Single layer actuator topology results using the homogenized material model.
The optimal single layer results using the homogenized material model is shown in Figure
3.10. The results are similiar to the fictious material model; the material moves to the root
of the cantilever. However, the main difference is the discrete behavior of the material. The
variation of each element of the actuator tends to be either 0% or 100% material.
For the homogenized properties of the topologies in Figure 3.10, the tip displacements
are again compared to initial tip displacement and tip displacement resulting from material
concentrated at the root of the cantilever. Figure 3.11(a) shows the improvement of the tip
displacements with optimal shape over the original configuration of the actuator topology.
Increasing the percentage starting material decreases the amount of improvement in
minimizing tip displacement. Figure 3.11(b) shows the percent improvement over the initial
configuration of material.
(a) Optimal and initial displacements (b) Percent improvement
Figure 3.11: Displacement for optimal result and initial configuration with initial gain of
−100 with homogenized material properties.
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Figure 3.12: Optimal one layer result using the homogenized material properties compared
to material placed at the root.
Figure 3.12 compares the optimal result with all material placed at the root. Due to
the discrete behavior of the homogenized material model, the optimal results are nearly the
same as placing all the material at the root.
3.2.2 Five Layers
The actuator was broken up into five layers with the same dimensions as the single layer.
However, a problem with the five layer actuator model is when the top actuator layer is
void no control is applied to the topology. This can be seen in the stiffness matrix; when
there is a void in the top layer, the electric potential applied for the actuator multiplies a
near zero ( 0.001) stiffness matrix for the top layer. To remedy this, the code applies the
electric potential to the top-most layer that contains any amount of material.
As in the single layer optimization, the material was evenly distributed over the actuator
topology for the initial optimization configuration, and a gain of −100 was applied.
The initial configuration of the topology is for 20%—each element is assigned 20%
material. This corresponds to material that is evenly distributed across the entire actuator
topology.
Figure 3.13: Initial configuration of material for 20% where the initial material is evenly
distributed across the entire actuator topology.
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Figure 3.14: Five layer actuator topology results.
The optimized topologies for the five-layer actuator are shown in Figure 3.14. The
material generally moves toward the root of the cantilever similar to the single layer results.
However, most of the topologies seem to be converging on a local minimum, but these
topologies still show substantial improvement in tip displacement over the initial shape.
Further investigation is required to determine the convergence problem with the actuator
topologies.
For the topologies in Figure 3.15(a), the tip displacements are compared to initial tip
displacement of the evenly distributed material. The percent improvement over the initial
topology is shown in Figure 3.15(b).
(a) Optimal and initial displacements (b) Percent improvement
Figure 3.15: Displacement comparison for five layer topology with gain of −100.
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Figure 3.16: Optimal five layer results compared to material placed at the root.
Note that at 40% material the optimal result did not properly converge. This is likely a
local minima and possibly to numerical inaccuracies in the model and gradient calculations.
Figure 3.16 compares the five layer optimal topologies to material placed at the root,
identical to the single layer comparison. It shows that after 30% material the optimal solu-
tion has not been achieved the optimization code terminates before converging. Examining
the optimal shapes confirms this for cases above the 30% case, more material is present
towards the tip of the beam than would seem beneficial. However for less than 30% mate-
rial, the optimization result achieves a lower displacement than moving material to the root
similar to the single layer analysis. Further investigation is required for the five-layer case.
For the homogenized properties of the topologies in Figure 3.17, the tip displacements
are again compared to initial tip displacement and tip displacement resulting from material
concentrated at the root of the cantilever. Figure 3.18(a) shows the improvement of the tip
displacements with optimal shape over the original configuration of the actuator topology.
Increasing the percentage starting material decreases the amount of improvement in
minimizing tip displacement. Figure 3.18(b) shows the percent improvement over the initial
Figure 3.17: Five layer actuator topology results.
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(a) Optimal and initial displacements (b) Percent improvement
Figure 3.18: Displacement comparison for five layer topology with gain of −100 using the
homogenized material model.
configuration of material. Figure 3.19 compares the optimal results with all material placed
at the root. Since only three results were obtained, the general trends of the figures are
difficult to infer.
Figure 3.19: Optimal five layer results using the homogenized material properties compared




This study focuses on the optimal topology of a piezoelectric actuator bonded to a cantilever
beam under steady-state harmonic load near the first natural frequency. A piezoelectric ac-
tuator and sensor are bonded to the top and bottom of an aluminum base beam, respectively.
The composite beam is then discretized using finite elements. The actuator proportional
control is then implemented by manipulating the stiffness matrix of the actuator according
to the degrees of freedom of the sensor. This controlled setup is feed into an optimization
program called VisualDoc. The optimization is allowed to vary the densities of the actuator
design space. The material properties of the piezoelectric are initially modeled using linear
relations as a function of density and then compared to the homogenized material relations.
The first results have only a single layer of twenty-five finite elements modeling the
actuator. The optimized results show a tapered variation of density. This is logical since
the material is moving to the highest stress area of the beam—the root. Additionally, the
“best” topology occurs at approximately 70% material.
The second analysis is for an actuator that has five layers of twenty-five elements. The
optimization has difficulty converging. After 30%, the model does not converge and results
in a displacement higher than just placing material at the root. These initial optimial
results do show promise in improving the actuation.
4.1 Future Work
This work shows the promise of using topology optimization for improving the actuator’s
performance in controlling vibrations. The optimization results show that a substantial
decrease in displacement of the free end for the first mode can be achieved by changing the
actuator topology. Future work will focus on clarifying this study, and then extending the
topology optimization problem to include damping materials. First, the optimal topologies
for the five-layer case require further study; maximizing the natural frequency instead of
minimizing displacement may help remedy the convergence problems in the five-layer study.
Second, various control setups, such as derivative control, should be examined. Third, a
manufacturablity study should be performed on both the single and multilayer results. The
actuator topology optimization results can then be validated with the experimental results.
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